Far-field radiation of electric and toroidal dipoles in loss-less
  non-magnetic dielectric medium with refractive index n by Savinov, V.
Far-field radiation of electric and toroidal dipoles in loss-less
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V. Savinov∗
Abstract
Using simple classical treatment it is shown that the power emitted by the electric and toroidal dipoles scales
differently with the refractive index of the surrounding environment.
1 Introduction
Toroidal dipole is an elementary electromagnetic excitation that can be visualized as currents flowing along minor
loops of an infinitesimal torus (poloidal currents) [1]. The radiation pattern of a dynamic toroidal dipole is identical
to that of a dynamic electric dipole - a pair of opposite (oscillating) charges [1].
The experimental exploration of the physical properties of toroidal excitations became possible only recently,
with the advent of electromagnetic metamaterials, and is now attracting considerable attention[2].
The aim of this short note is to demonstrate that whilst the radiation pattern of electric and toroidal dipoles
may be identical, the power emitted by these two excitations does scale differently with the ambient refractive
index. This question has already been explored in the context of spontaneous decay rates of mesoscopic sources [3].
Here we offer a much simpler exposition for point-like classical sources.
2 Power radiated by a point-like electric dipole embedded into an
isotropic dielectric medium
The current density of a point-like electric dipole with moment p, located at the origin, is given by [1]:
Jp =
dp
dt
δ(3) (r) = p˙δ(3) (r)
In case of time-harmonic current (angular frequency ω; assumed time-dependence exp (iωt)), the vector potential
due to Jp = iωpδ
(3) (r) is1 [4]:
Ap =
µ0
4pi
ˆ
d3r′
exp (−ik0n |r − r′|)
|r − r′| Jp =
iωµ0
4pi
exp (−ik0nr)
r
p
Where k0 = ω/c is the free-space wave-number, n is the refractive index of the medium, c is the speed of light,
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1Hereinafter we shall only consider the fields away from the source. The source term, i.e. a delta-function, that appears in the
complete solution for the vector potential is therefore omitted.
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and µ0 is the vacuum permeability. The far-field electric (Ep), and magnetic (Bp) fields are given by:
lim
r→∞Bp = limr→∞∇×Ap =
iωµ0
4pi
lim
r→∞∇×
exp (−ik0nr)
r
p
=
iωµ0
4pi
(−ik0nrˆ)× exp (−ik0nr)
r
p
=
ω2µ0n
4pic
(rˆ × p) exp (−ik0nr)
r
lim
r→∞Ep = limr→∞
c2
iωn2
∇×Bp = c
2
iωn2
lim
r→∞∇×∇×Ap
=
c2µ0
4pin2
lim
r→∞∇×∇×
exp (−ik0nr)
r
p
=
c2µ0
4pin2
(−ik0nrˆ)× (−ik0nrˆ)× exp (−ik0nr)
r
p
=
−µ0ω2
4pi
(rˆ × rˆ × p) exp (−ik0nr)
r
The radiated power is given by the integral of the radial component of the time-averaged Poynting vector
(〈S〉 = 12µ0<
(
E ×B†
)
) over the surface of an origin-centered sphere with radius R→∞:
Pp = lim
R→∞
˛
R
d2r rˆ.
(
1
2µ0
<
(
Ep ×B†p
))
=
1
2µ0
−µ0ω2
4pi
ω2µ0n
4pic
ˆ
d2Ω rˆ.
(
(rˆ × rˆ × p)× (rˆ × p†))
Pp =
−ω4µ0n
32pi2c
(−8pi
3
|p|2
)
=
µ0ω
4
12pic
· n · |p|2
Thus the power radiated by the electric dipole is linearly proportional to the refractive index of the medium (n).
3 Power radiated by a point-like toroidal dipole embedded into an
isotropic dielectric medium
The current density of a point-like toroidal dipole with moment T , located at the origin, is given by [1]:
JT =∇×∇× cT δ(3) (r)
The corresponding vector potential is2:
AT =
µ0
4pi
ˆ
d3r′
exp (−ik0n |r − r′|)
|r − r′| JT =
µ0
4pi
∇×∇× cT exp (−ik0nr)
r
The far-field electric (ET ), and magnetic (BT ) fields are given by
3:
lim
r→∞BT = limr→∞∇×AT =
µ0
4pi
lim
r→∞∇×∇×∇×
exp (−ik0nr)
r
cT
=
µ0
4pi
(−ik0nrˆ)× (−ik0nrˆ)× (−ik0nrˆ)× exp (−ik0nr)
r
cT
=i
ω3µ0n
3
4pic3
(rˆ × rˆ × rˆ × cT ) exp (−ik0nr)
r
lim
r→∞ET = limr→∞−iωAT =
−iωµ0
4pi
lim
r→∞∇×∇×
exp (−ik0nr)
r
cT
=
−iωµ0
4pi
(−ik0nrˆ)× (−ik0nrˆ)× exp (−ik0nr)
r
cT
=i
µ0ω
3n2
4pic2
(rˆ × rˆ × cT ) exp (−ik0nr)
r
2One can invoke integration by parts to transfer the derivatives from delta function to Green function, e. g.
´
d3r′G (r − r′)∇′ ×
M (r′) = − ´ d3r∇′ ×G (r − r′)M (r′) =∇× ´ d3r G (r − r′)M (r′) if M vanishes at the boundaries.
3Since for toroidal dipole the charge density is ρT =∇.JT / (−iω) = 0, one can use ET = −iωAT
2
The radiated power:
PT = lim
R→∞
˛
R
d2r rˆ.
(
1
2µ0
<
(
ET ×B†T
))
=
1
2µ0
µ0ω
3n2
4pic2
ω3µ0n
3
4pic3
ˆ
d2Ω rˆ.
(
(rˆ × rˆ × cT )×
(
rˆ × rˆ × rˆ × cT †
))
PT =
ω6µ0n
5
32pi2c5
(
8pi
3
|cT |2
)
=
µ0ω
6
12pic3
· n5 · |T |2
Thus the power radiated by the toroidal dipole is proportional to the fifth power of the refractive index of the
medium.
4 Conclusion
It has been demonstrated that the power emitted by a point-like electric dipole scales linearly with the refractive
index of the ambient environment, whereas the emission of a point-like toroidal dipole scales as the fifth power of
the ambient refractive index.
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